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^ , ' Abstract. Let H be the space of quaternions, with its standard hypercomplex 

structure. Let 1Z{Q) be the module of ^p-regular functions on H. For every 
unitary vector p in §^ C H, 1^(0,) contains the space of holomorphic functions 
w.r.t. the complex structure Jp induced by p. We prove the existence, on 
any bounded domain Q, of i/j-regular functions that are not Jp-holomorphic 

>for any p. Our starting point is a result of Chen and Li concerning maps 
, between hyperkiihler manifolds, where a similar result is obtained for a less 

v , _ , J ' restricted class of quaternionic maps. We give a criterion, based on the energy- 

minimizing property of holomorphic maps, that distinguishes Jp-holomorphic 
functions among i/j-regular functions. 



oo 
(N 






Key words: Quaternionic regular functions, hypercomplex structure, hyperkahler 
space 

Mathematics Subject Classification: Primary 32A30; Secondary 53C26, 30G35 



1. Introduction 
Let H be the space of quaternions, with its standard hypercomplex structure 



> 

o 

^k . given by the complex structures Ji , J2 on TH ~ H defined by left multiplication by 

i and j. Let J^* , Jj be the dual structures on T*H. 

We consider the module 7^(^2) = {/ = /i + /2J | dfi = ^{dh) on Vl} of left 
r~^ I ijj-regular functions on il. These functions are in a simple correpondence with 

^^ . Fueter left regular functions, since they can be obtained from them by means of 

a real coordinate reflection in H. They have been studied by many authors (see 
for instance Sudbery[8], Shapiro and Vasilevski^ and N6no[5 ). The space TZ{^) 
/\ ' contains the identity mapping and any holomorphic mapping (/i,/2) on 17 defines 

S . a V'- regular function / = /i + /2i- This is no more true if we replace the class of 

^/i-regular functions with that of regular functions. The definition of ^/i-regularity 
is also equivalent to that of q-holomorphicity given by Joyce[2] in the setting of 
hypercomplex manifolds. 

For every unitary vector p in §^ C H, TZ{n) contains the space Holp{n,M) = 
{/ : rj — > H I d/ + pJp{df) — on fl} of holomorphic functions w.r.t. the complex 
structure Jp = piJi + P2J2 + P3J3 on f2 and to the structure induced on EI by 
left-multiplication by p (Jp-holomorphic functions on Q). 

We show that on every domain Q there exist i/i-regular functions that are not 
Jp-holomorphic for any p. A similar result was obtained by Chen and Li^lj for the 
larger class of q-maps between hyperkahler manifolds. 
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This result is a consequence of a criterion (cf . Theorem [2]) of Jp-holomorphicity, 
which is obtained using the energy-minimizing property of V'-regular functions (cf. 
Proposition [T|) and ideas of Lichnerowicz[3] and Chen and Li[T]. 

In Sec. 14.41 we give some other appUcations of the criterion. In particular, we 
show that if fl is connected, then the intersection Holp{n,'H.) n Holpr{il,M) {p ^ 
±p') contains only affine maps. This result is in accord with what was proved by 
Sommese[7j about quaternionic maps (cf. Sec. 13.21 for definitions). 

2. FUETER-REGULAR AND l/)-REGULAR FUNCTIONS 

2.1. Notations and definitions. We identify the space C^ with the set H of 
quaternions by means of the mapping that associates the pair {zi,Z2) — {xq + 
ixi,X2 + ixz) with the quaternion q = zi + Z2J = xq + ixi + jx2 + kx^ £ H. Let Q. 
be a bounded domain in H ~ C^ . A quaternionic function / = /i + /2J G C^ (fi) is 
(left) regular on fi (in the sense of Fueter) if 

■nf 9f df df df 

Vf=- Vi^ hjT^ Vk- — = on f2. 

oxq oxi 0x2 0x3 

Given the "structural vector" ip = (l,i, j, —k), f is called (left) ^j-regular on il if 

w . df df df df 

2?/ = ^ 1-*-5 ^3^ fc-— = onf}. 

OXq OXi 0x2 0x3 

We recall some properties of regular functions, for which we refer to the papers 
of SudberylBl, Shapiro and Vasilevskifir and Nono^: 

(1) / IS V'- regular ^ -^ = -— , -^ = --— . 

ozi 0Z2 OZ2 ozi 

(2) Every holoniorphic map (/i,/2) on fi defines a ^-regular function / = 

/l + /2J. 

(3) The complex components are both holomorphic or both non-holomorphic. 

(4) Every regular or i/^-regular function is harmonic. 

(5) If ri is pseudoconvex, every complex harmonic function is the complex 
component of a T/i-regular function on 17. 

(6) The space TZ{VL) of ^-regular functions on fJ is a right H-module with 
integral representation formulas. 

2.2. q-holomorphic functions. A definition equivalent to V'-regularity has been 
given by Joyce|2j in the setting of hypercomplex manifolds. Joyce introduced the 
module of q-holomorphic functions on a hypercomplex manifold. On this module 
he defined a (commutative) product. A hypercomplex structure on the manifold H 
is given by the complex structures Ji , J2 on TH ~ H defined by left multiplication 
by i and j. Let J^, J| be the dual structures on T*EII. In complex coordinates 



J* dzi = i dzi , 


Jldz2 


— i dz2 


t/2 U^i = — dz2^ 


J^dz2 


= dzi 


J^dzi = idz2, 


J^dz2 


— —i dzi 



where we make the choice J| = J^ J2 ^ ^3 — ^JiJ2- 

A function / is '0-regular if and only if / is q-holomorphic^ i.e. 

df + ijm) + jjm) + kjm) = o. 
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In complex components / = fi+f2J, we can rewrite the equations of ■(/'-regularity 
as 

dfi = j;id7^). 

3. HOLOMORPHIC MAPS 

3.1. Holomorphic functions w.r.t. a complex structure Jp. Let Jp =piJi + 
P2J2 +P3J3 be the complex structure on M defined by a unit imaginary quaternion 
p — pii + P2J + Psfc in the sphere §^ = {p G H | p^ = —1}. It is well-known 
that every complex structure compatible with the standard hyperkahler structure 
of H is of this form. If / = /° -f if^ : 11 ^ C is a Jp-holomorphic function, i.e. 
df'^ = J*{df^) or, equivalently, df + iJ*{df) = 0, then / defines a ■0-regular function 
/ = /'^ + pf^ on il. We can identify / with a holomorphic function 

f:{n,Jp)~.{Cp,Lp) 

where Cp = (I7P) is a copy of C in H and Lp is the complex structure defined on 
T*Cp ~ <Cp by left multiplication by p. 

More generally, we can consider the space of holomorphic maps from (fi, Jp) to 
(H,Lp) 

Holp{n, m)^{f -.n^mi dpf ^0 on n}^ KerOp 

(the Jp-holomorphic maps on fi) where dp is the Cauchy-Riemann operator w.r.t. 
the structure Jp 

dp^ -{d + pj* o d) . 

For any positive orthonormal basis {l,p, q,pq} of H (p, g G §^), the equations of 
V'-regularity can be rewritten in complex form as 

dph = J'qidp72), 

where / = (/" + pf^) + (p + pf)q = /i + /ag. Then every / e Holp{n,m) is a 
ip-iegnlar function on Q. 

Remark 1. 1) The identity map is in Holi{Q,M)r\Hol j{Cl,M) , hut not in H ol,; (CI, M). 

2) Hoi_p{n,m) = Hoip{n,M) 

3) If / e Holp{n,B.) n Holp>{n,m), with p ^ ±p', then / e Holp„{n,M) for 

4) 'i/'-regularity distinguishes between holomorphic and anti-holomorphic maps: 
if / is an anti-holomorphic map from (f2, Jp) to (H, Lp), then / can be tp-Tegnlav or 
not. For example, f = zi + Z2J G Holj{n,M.) D Holk{^,M.) is a ■(/'-regular function 
induced by the anti-holomorphic map 

while (zi, 0) : {il, Ji) — > (H, Li) induces the function g — zi ^ TZ{n). 

3.2. Quaternionic maps. A particular class of Jp-holomorphic maps is consti- 
tuted by the quaternionic maps on the quaternionic manifold Q. Sommese[2 de- 
fined quaternionic maps between hypercomplex manifolds: a quaternionic map is a 
map 

/:(X,Ji,J2)^(y,ifi,X2) 
that is holomorphic from {X, Ji) to {Y,Ki) and from {X, J2) to (F, ^2). 
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In particular, a quaternionic map 

/:(r!,Ji,J2)^(H,Ji,J2) 

is an element of Holi{fl,M) D Holj{fl,M) and then a V'-regular function on O. 
Sommese showed that quaternionic maps are affine. They appear for example as 
transition functions for 4-dimcnsional quaternionic manifolds. 

4. NON-HOLOMORPHIC V'-REGULAR MAPS 

A natural question can now be raised: can ^-regular maps always be made 
holomorphic by rotating the complex structure or do they constitute a new class of 
harmonic maps? In other words, does the space TZ{Cl) contain the union 

y Holp{n,m) 
pes2 

properly? 

Chen and Li[l] posed and answered the analogous question for the larger class of 
q-maps between hyperkahler manifolds. In their definition, the complex structures 
of the source and target manifold can rotate independently. This implies that also 
anti-holomorphic maps are q-maps. 

4.1. Energy and regularity. The energy (w.r.t. the euclidean metric g) of a map 

/ : O -^ C2 ~ H, of class C^{n), is the integral 

£if) ^\l WdfVdV - i / {9..rg)dV =]-[ triMDMlf )dV, 

where Jc{f) is the Jacobian matrix of / with respect to the coordinates zi, zi, Z2, Z2. 

Lichnerowicz[4] proved that holomorphic maps between Kahler manifolds mini- 
mize the energy functional in their homotopy classes. Holomorphic maps / smooth 
on Q minimize energy in the homotopy class constituted by maps u with mg^ — /igj^ 
which are homotopic to / relative to dH.. 

From the theorem, functions / G Holp(Q,M.) minimize the energy functional in 
their homotopy classes (relative to dH.). More generally: 

Proposition 1. // / is ip-regular on fl, then it minimizes energy in its homotopy 
class (relative to dfl). 

Proof. We repeat arguments of Lichnerowicz, Chen and Li. Let ii — i,i2 — j, ia — k 
and let 

3 3 

^(/) = / V(Ja,ri:»jrfT/, x(/) ^l f IM/ + Vl,„ od/o j.ipdK 

Then IC{f) is a homotopy invariant of / and X(/) = if and only if / G TZ{fl). A 
computation similar to that made by Chen and Lill] gives 

f(/) + /C(/) = ix(/)>0. 
From this the result follows immediately. D 
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4.2. A criterion for holomorphicity. We now come to our main result. Let 
/ : ri ^ H be a function of class C^(fl). 

Theorem 2. Let A — (a^^) be the 3x3 matrix with entries 

aap = - / {Ja, f* Lt^)dV. 



n 



Then 

(1) / is ip-regular if and only if £{f) ~ trA. 

(2) // / G TZ{Q), then A is real, symmetric and 

trA > Ai = iaax{eigenvalues of A}. 

It follows that det{A - {trA)^) < 0. 

(3) If f € TZ{fl), then f belongs to some space Holp{Cl, H) if and only if £{f) = 
trA = Ai or, equivalently, det(j4 — {trA)I:i) — 0. 

(4) If £{f) = trA ~ \i, Xp — {pi,p2,P3) is a unit eigenvector of A relative to 
the largest eigenvalue Ai if and only if f G Holp(fl,M). 

4.3. The existence of non-holomorphic ^-regular maps. The criterion can 
be applied to show that on every domain Q in H, there exist f/'-regular functions 
that are not holomorphic. 

Example 1. Let f = zi + Z2 + zi + (zi + Z2 + Z2)j. Then f is ^-regular, but not 
holomorphic, since on the unit ball B in C^, / has energy £{f) = 6 and the matrix 
A of the theorem is 



"2 





0" 





2 











2 



Therefore £{f) =trA>2^\i. 

In the preceding example, the Jacobian matrix of the function has even rank, a 
necessary condition for a holomorphic map. In the case when the rank is odd, the 
non-holomorphicity follows immediately For example, g = zi+zi + Z2J is '0-regular 
(on any 51) but not Jp-holomorphic, for any p, since rkJcif) is odd. 

Example 2. The linear, ip-regular functions constitute a M-module of dimension 
3 over H, generated e.g. by the set {zi + Z2J, Z2 + zij, z\ + Z2j}- An element 

f = (zi + Z2J)qi + {z2 + zij)q2 + (zi + Z2J)q3 

is holomorphic if and only if the coefficients qi = ai+a2J, 92 = bi+b2J, 93 = C1+C2J 
satisfy the G^'^ -degree real homogeneous equation 

det(A- itrA)l3) = 

obtained after integration on B. The explicit expression of this equation is given in 
the Appendix. So "almost all" (linear) ip -regular functions are non-holomorphic. 

Example 3. A positive example (with p ^ i,j, k). Let h — zi + {zi + Z2)j. On the 
unit ball h has energy 3 and the matrix A is 

-10 2 

A= 2 

2 2 
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then £{h) = trA is equal to the (simple) largest eigenvalue, with unit eigenvector 
X = -y=(l,0,2). It follows that h is Jp-holomorphic with p — -i={i + 2k), i.e. it 
satisfies the equation 



df+Ui + 2k)iJ*+2j;){df)^0. 



Example 4. We give a quadratic example. Let f 
energy 2 on B and the matrix A is 

" -2/3 
A = 



^1 



|z2p + ziZ2J. f has 



4/3 






4/3_ 



Then f is ip-regular but not holomorphic w.r.t. any complex structure Jp. 

4.4. Other applications of the criterion. 1) If / e Holp{p.,m) n Holp,{p.,m) 

for two M-independent p,p', then Xp,Xpi are independent eigenvectors relative to 
Ai. Therefore the eigenvalues of the matrix A are Ai = A2 = —A3. 

If / e Holp{n,n) n Holp:{n,M) n Holpn{Q..,m) for three E-independent p,p',p" 
then Ai = A2 = A3 = => j4 = and therefore / has energy and / is a (locally) 
constant map. 

2) If Q. is connected, then Holp{Vl,M.) n Holpi{Vt,M.) {p ^ ±p') contains only 
affine maps (cf. Sommese[7]). 

We can assume p = i, p' = j since in view of property 3) of Remark [1] we 
can suppose p and p' orthogonal quaternions and then we can rotate the space 

of imaginary quaternions. Let / G Holi{Vl,M.) n Holj{Vl,Wj and a = 1 — — , — — 

Since / G Holi{il, H), the matrix A is obtained after integration 



_ dz2 ' dz2 , 
on D, of the matrix 

i|2 + |6|2 

2Re(a,b) -2Im{a,h) 

-2Im{a,b) -2Re{a,b) 

where (a, 5) denotes the standard hermitian product of C^. 

Since / G Holj{n, H), we have J^ Im{a, b)dV = and /^ \a - b\^dV = 0. There- 
fore a = b on CI. Then a is holomorphic and anti-holomorphic w.r.t. the standard 
structure Ji . This means that a is constant on fl and / is an affine map with linear 
part of the form 

{aizi - 02^2) + (a2Zi + aiZ2)j 
i.e. the right multiplication of q = zi + Z2J by the quaternion ai + a2J. 

3) We can give a classification of ^-regular functions based on the dimension of 
the set of complex structures w.r.t. which the function is holomorphic. Let O be 
connected. Given a function / G TZ{fl), we set 

J{f) = {peS^ I f e Holp{n,M)}. 

The space TZ{fl) of V'- regular functions is the disjoint miion of subsets of functions 
of the following four types: 

(i) / is Jp-holomorphic for three R-independent structures 

=^ f is a constant and J'(/) = §^. 
(ii) / is Jp-holomorphic for exactly two M-independent structures 

=^ / is a V'- regular, invertible affine map and J7'(/) is an equator S^ C §^. 
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(iii) / is Jp-holomorphic for exactly one structure Jp (up to sign of p) => J if) 

is a two-point set S'^ . 
(iv) / is i/i-regular but not Jp-holomorphic w.r.t. any complex structure =^ 

Jif) = 0. 

We will return in a subsequent paper to the application of the criterion to the 
study of ip-biregular functions, which are invertible f/'-regular functions with 'ip- 
regular inverse (see Krolikowski and Porter [3] for the class of biregular functions). 
This class contains as a proper subset the invertible holomorphic maps. 

5. Sketch of proof of Theorem [2] 
If / G n{n), then £{f) = -/C(/) = trA. Let 



Mf)^l f \\df + LpodfoJp\ 



In 
Then we obtain, as in Chen and Li 1 



£{f)+ I {jp,rLp)dv^lip{f). 



n 4 



If Xp ^ {pi,p2,P3), then 

XAX'^ = y^^PaPpagp = - / (^PaJa,f*'^Pl3Lii^)dV 

= -ljJp,rLp)dV = £{f) - \lpU)- 

Then trA = £{f) = XAX^ + \Xp{f) > XAX^, with equality if and only if 
Xp(/) = i.e if and only if / is a Jp-holomorphic map. 

het Ma {a = 1, 2, 3) be the matrix associated to J* w.r.t. the basis {dzi, dzi, dz2, dz2}. 
The entries of the matrix A can be computed by the formula 

1 f . ,^^T. 



aa/3 = - / (JaJ*L,^)dV=- / triBa C„)dV 
Jn ^ JvL 

where B^ = MaJcifV for a = 1,2, B„ = -M^JcifV for « = 3 and Cp = 
Jc(/rM0for/3 = l,2,3. 

A direct computation shows how from the particular form of the Jacobian matrix 
of a V'-regular function it follows the symmetry property of A. 

Appendix 

We give the explicit expression of the 6*''-degree real homogeneous equation 
satisfied by the complex coefficients of a linear Jp-holomorphic ^'-regular function. 

j^det{A—{trA)l3) = aia2b2Cibi—aia2hiC\C2bi—a\b2CiC2bi+a\bic^i—aic\aib\ — 
aiCiC2a2bl_+ a\b2c\b2 — a\biCiC2b2 -_aia2&2CiC262_+ 010261 cp2 — a2C^ai&i52 — 
aiCiC2ai&i52 - a2CiC2a2&i&2 - aiC2d2bib2 - a2CiC2ai5| - a2c|a2^2 + 010261 62C1C1 — 
a\b\cic.i — aia2b\c2Ci + a^6i&2C2Ci — 2ai6iCiai6iCi — aib2Cid2biCi — 016102026161 — 
026101016261 -2ai62Ciai62Ci -I- ai6iC2ai62Ci -2026201 026261 -f 026102026261 -016252026261 - 
010102616261-1-0202616261-01016261-0201026261-016^0161-016162026^-1-6101026261-1- 
620262614-0261620162-0102620162-026^0262-1-010261620262-026101016162-1-016201016162- 
2ai6i02ai6i62-l-a2620ia26i62—2o26i02a26i62—oi6_20_2a26i62— oioi 026^62 -0202 6^62 — 
026201016262-026102016262-2026202026262-1-0101616262-1-020102616262-0261016162- 
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aibib2aiCiC2 — a2bib2a2CiC2 — 0162(120102 — 6iaia26iCiC2 — b2a'^iciC2 — bia\b2CiC2 — 
620102620102 — 0261620102 — 0262O2C2 + biaibic^ + 6201026102 ~ 
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